
① sets In 1C : ③ Continuity & Limits of Functions :
• The symbol C will allow for equality of sets . (Notation) . For SCE

open
. f :S ' E .

•
Iim

• ☐ ( a.R) = { 2- I 0-42--4<12} is the
open

disc of radius z→c f- (E) =L ⇐ (V-E> o )(7s > o)(zED( c. 8)Kc}⇒ flz-IEDK.ae))

R centered at point a. Dla .R)\{a} is a punctured open disc .

• ¥2 f- 12-1 =L ⇐ ( V-E> 01171=>0)( 2- c- completions⇒ f-G) c- DK.es) .

•

A neighbaubmuhood of a is an open disc of nonzero radius centered at a. of is continuous at c. c- ¢ ⇐ ¥-1 f- 12-1=1-14

similarly for a punctured neighbourhood.
• f is continuous in 5 ⇐ (its c- 5)( f is continuous at s ) .

T : f- continuous at C & f-(c) to ⇒be> 0)HseDk , e)✗ f- (s) =/ 0 )
:

If f is continuous & nonzero at
a point then there is a neighbourhood

Important types of sets . in around that point in which f- is also nonzero .

Sclc is
open
⇐ (5--0) VITAE 5)(FE >0)(D(a. E) CS ) . Limit Rules. Assuming ¥Efcz→ & ¥%gl⇒ exist .

The compliment of a set is comp (s)
= ①IS •¥1 [ f- to> + glzs] = II.ft> +II. glz]

S is closed ⇐ comp (s ) is
open

• Same for product , quotient , & composition .

Z C- 25 ⇐ (HR> 0)(7s
,
s

'

c-DEER) such that

the boundary of S SES et s
'

c- comp (s) )

Its important to remember that 04¢ are the only sets Botti
④The Basics of Holomorphicity:

open & closed , however there are many sets
that are neither . SC ① open . f :S

→ ¢ :S complex differentiable
A nonempty SCQ

is connected if any two points from 5 can at c. c- S ⇒ The limit exits f-
'

(c) = fl¥I£
be connected by a continuous path .

S is not connected⇒ s is disconnected
. f is complex differentiable in S if it has a derivative at

only a
set term

,

A domain is
a nonempty ,

connected
, open set - not domain of a function every point . f

'

is the derivative .

Sclc is bounded⇐ (FR> ok SCDlo.RS) . T :(f- + g)
'

=f't g
'

, Cfg)
'
= f-

'

gtfg
'

Cfo g)
'

=# og)g
'

S is compact ⇐ s is closed
,
bounded

. Assuming all appropriate limits exist .

Point a
c- ① is a point of accumulation for Sclc T :

complex differentiable ⇒ R2 diff
⇐ HE> ok]-sesh sett a. E)tea} .) T : Existence & continuity of partial derivatives in R2 is

sufficient for differentiability 11122 diff) at that point .

②Sequences & Limits : Holomorphic. function f is holomorphic at

c c-① ⇒ Cfe> o)(f is complex differentiable in Dlc, e)) .A complex sequence is an ordered subset of points { Uj} CIC .

The
sequence Eun}new can be said to : f- holomorphic in open

sets ⇒ holomorphic at all sts .

•

Converge to a ⇐ ¥zun=u⇐ HE> OXFNEIN Ktm> NKUMEDIUIED f- is entire ⇒ f- is holomorphic on all of 1C -

•

Diverge ⇐ µue④(¥LUn =/ U)⇐ NOT convergent T : let c=a+zb & z=n+iy , flzj-FCn.gl
= Utsey) + ivory]

'

Diverge to a# HK> 017N> 0)(Hm> N)(Um C- Comp (blak )]) where u adv are real functions - Then we can say

sequence {un}new is Cauchy ⇐HE> OXFN
> OKV-m.rs >NK /Um- Un/ 4) f- is holomorphic⇐

•

u & rare PE diff in a neighbourhood of
( a.b) .

at c
•

z = - z¥=
The partial derivatives
must be related by

Limit Rules. Un→U & Vn→V THEN Cauchy - Riemann
relations

• un-irn-sui-r.v-xc-czun-s.ru T: ¥É= - i ⇒ a÷=}J&¥- = -¥2 .

•

Unvn→ ur
- t¥→ ¥ .

when V
,
V
,
,
V2 ,

. . . =/ 0 .

Tf holomorphic in open
SCQ ⇒f

'

continuous on S -

convergence Theorems . Tf holomorphic in r a domain
⇒ f-

'

= 0

T : Un→ N in E ⇐ ⇐→ 0 & If / = CECI in R in S .

T :{un}new CIC converges
⇐ {Recant} & {Imlun)} converge

{ Derivatives &The complex sequence converges If its two components converge
.

T : A sequence converges
⇐ The sequence is Cauchy. entire functions}T: Every bounded sequence has a convergent subsequence .

(Bolzano - Weierstrass Theorem)



⑤ curves in ① :

changing Contours .

ok
• A continuous curve is a function T :[a. b)→ ¢ that is continuous A domain R is starshaped if there is an ler

• T is a simple curve ⇐ [74.1--74=1 ⇐ t ,=tz] ~ such that for all 2- en the straight line joining
l to

• T is a closed awe ⇐ Tla> = Ttb) Of @ 2- Aes inside 52 .

I is called the lookout point .

• T simple closed curve
⇒④t.at , )( It , )= Tltz ) # tea &t<=D

• 714=911-1+0711-1 , t c- Gib] is a regular arc if both 9 am are Tichuchys Thm: For
any closed centaur

differentiable on [a. b) and Titi -- 5%-1 + in
'

Ltl is continuous C in star domain 52 where f- is holomorphic
f(⇒↳ = O '

& nonzero on lab) -

T :D stardomain
, f holomorphic in I

> Deformations
T : A simple closed curve C divides the complex plain into two then for any two G. Cz CR with the |f(zjdz =/fczjdz
domains

,
I & E

, where one is bounded & the other not . C is the same start and end points a Cz

boundary of both I & E. Tif holomorphic in star domains except at possibly Zo ,

T : A regular arc has a finite length given by Far any contour C Cr with 2-
☐
in its interior we have

L = Jab / Tltjldt = fabjeiltrty.lt/2'dl&fl-2)dz--&f1z-)dz-Vp such that Dczop ) is

2121am in the interior of C.
⑥Contour Integrals: T : Canchys Integral Formula : f- holomorphic in domain rclc

The contour integral af a complex function f- over a regular and CCR simply closed contour

⇒ V7 in the interior of C f
"'(z,=¥÷§ fltldtare C is is given by fcflzldz =/abf-HHDT.lt/dt

,
It -z )n

Where Jlts is a parametrisation of C on [a. b) .

Tif holomorphic on

⇒ g-- f- of is a differentiable function of
a regular arc 3 real valued t & g' 11-1=1-19141511-1 ⑦Moduli & Extrema:

T
'

- f holomorphic in domain I ⇒§ '

= 0 in r# f- = CECI in d) For SC IC open , a local max/min of 4 :S
→ R is a

T : contour integrals are linear maps of functions into ¢ ,
ie . point ces with 412-1<-410 G- for min ) for any z in a

fifty)(z)dz = fcflzsdz + foglz )dz neighbourhood of c-

IV.✗ c- E)( ftflzidt = ✗ fofttidz ) A saddle point a c- ¢ of a twice 1122 diff 4 :S
-YR

1- if continuous on [x.pl
⇒ / IfHldtl ← HI fltlldt is a point c such that for 2- = atiy

I. cos =°§u=o & [I:¥y. -13¥,F)← < 0
.

A contour C is a finite number of regular ones

joined end to end
. G)dz = ⇒dat . - ' + fenflzsdz Tif holomorphic on 5h a domain a

constant

Ifl attains a local max at some⇒ f- =c on r .

T : f- 12-1=1--12-1 a contour point in 52

c. starting at z , , ending zz ⇒ Z)dZ= -1-12=1--1-(2-1) The maximum modulus of a holomorphic function is

for some holomorphic F attained on the boundary of the domain .

T :/FIZIKM on contour C ⇒ / f. fez,dz|±µL Tithe Max & min of the real & imaginary pants of
of length L

holomorphic f- on R one approached on
TR

T:C a centaur
,
5h a domain disjoint from C . T: Each critical point ( f-

'

(c) -01 on r of holomorphic
is absolutely integrable on C f is a saddle point .

01 tsdt
⇒G-n c- IN)( Ynlz ) =L it - ⇒n is holomorphic in T : Cauchy's Inequality : f holomorphic on an

open
at

SL & ¥zYn(Z)=n4n+ ,
(Z) ) . containing 8D Ceo , RIUDIZ. ,R ) & / f- (Z ) / ⇐ MV-z-EJDIZ.ir)

⇒ 4
,
has complex derivatives of all orders in r ⇒ If

" '

( zo ) / 2-HINT: Liouville : All bounded entire functions are constant .

When C is a closed contour we denote the integral T :P(7) noncomstaut polynomial ⇒ FZOEQ PCZ. )=o .

around it by § . Tiff entire)§AiBX > 0)(V- 2- c- If 12-11<1-+1312-1×1
⇒ f- is polynomial degree EZ .

§ flzsdz = - § flzldz
C T :$ entire)l7R,k> 01112-1>12+-11-12-51 > F) ⇒ f- polynomial



⑧Analytic continuation I : A

on
=

=

Taylors Theorem . ⇐ an & É.cn = en
+ ⇐en

n = - n n = - go h =-D

The largest open disc centered

f holomorphic ⇒ V-ZEDtto.tl) CR on zo
,
R> o . T : Laurent's Theorem : If f- has an isolated singularity at zo and

flz ) = ¥ f
"'t
.)

in 52 a domain
j !

(2--2-0)" is holomorphic inside DC -20,12)\{Zo} THEN f- is representable as

• This series is the taylor series . R is the radius of convergence
. f- (z) = An (2--2-0)

"

,
an
= §F¥¥

,
some polar) .

n =-D

It - 2-☐ I =p

A function that is representable by a taylor series in a neighbourhood of a point is This series is the Laurent series of f.
- I

called analytic ,

at that point .
Analitic = Holomorphic on

①
.

The series ¥san 12--2-05 is the principle part of the series .

• The radius of convergence R is the distance from the point of expansion If 7m c- IN such that the Laurent series is ?¥manlZ - Zo)
"

then Zo

to the nearest non- holomorphic point . is a pole of order m . If there is no ouch m then Zo is

T : ¥ = lineupj→n , / f%¥- It an isolated essential singularity .

Continuations . Res{fczB=a . . = §t¥¥→|n=
. .

= fifitsdt
2- = Zo

Ti f & g holomorphic on domain h
,

scr a closed set such

that Fc ER
,

or a point of accumulation for S . A pole of order MEIN
,
Zo

,
of f- is an isolated singularity

( 2- c- g) ( f- (2-1--912-3) ⇒ d- zen)( f- (2-7--912-7) . such that fits
= ¥¥→m

, for some gttotto holomorphic at to .

m=l ⇒ a simple pale . m=z ⇒ double pole .

For f- holomorphic in domain I &
g defined on SCR with an

accumulation point in 52 ,
then if (flt)=gH))W- 2- c- 5) we

T : For an
mth order pole of f- at c.

call f- the analytic continuation of g
to the domain A- Res { f- (z)} = i.¥1 [Cz -cif (z)]

2- = C

T : Casorat: - Weierstrass : In
every neighbourhood of an isolated essential

⑨ Zeros & Singularities : singularity of f , f takes values arbitrarily close to any given value

f holomorphic in domain I infinitely often .

-

Zo a zero of f- ⇐ flz . ] = 0 T : Picard's '

- In
every neighbourhood of an isolated essential singularity

'

Zo an isolated zero of f-
⇐ f- 12=1--0 AND f- attains every given valve

with at most one exception , infinitely often .

⑦E> okv-zc-DK-o.es/EZB)(flz)-to.T:f holomorphic in r a domain then

• 2- • a Zero

⇒ f- (2-0)=0 um flz ) f- has isolated zero order MEIN ⇐ ¥ has
a pair of order

2- → Zo ( z - zoym
=L =/ ° .

4- order me IN and
↳exists at Zo ER m at zero
& is

nonzero

1- if holomorphic in domain I

⇒ ① -

Every zero is isolated inn ④Asymptotic Behaviour :
'

Every zero has a well defined order C- IN A neighbourhood of • is some set { 2- EQ 112-1 > R } some R > 0 .

' there are only finitely many zeroes in any compact subset f ng as 2-
→ a ←→¥I§É¥= '

of I f- (2-7--01912-1) as 2- → c # (Fe > K > o)(V-zeDk .es)( lfcz>1<1--1912-31)
The function is bounded by the other in a

neighbourhood of c.

OR ② (the# (+1--0) .

f- 171=0 (glzl) as z→c←→ ¥1
= 0

.

Singularities . Landau Rules .

I + o(zmaxsmms)
m±°

OR n c- 0

If f- is holomorphic in D. ( c. e)\{ °} but not at a
,

then m
,
he -2

,

2-→ 00 : (1+04711+012-7) = { I + oczmthj.mn > o
[1+012-7]

"

= 1+01-51
,
m 2- 0

C is an isolated singularity of f- . If there exists a constant
MZO

be at c for which gcz> = {
ftt" Z " '

mine -2
,
z → 0 :( , +0µm,/(mazy) = { ' +01£

" "" )
> or n > o

k ,
z=c

Is holomorphic at c l + Ofzmtn ) , min < 0 .

then c is a removable singularity of f. (1+012-7)
"

= 1+0(E)
,
mzo

.

T :(
'

Hcpilds
: for f- & g with zeroes at z=c of order m then

,

tim f- (z )
2-→ c⇒

= lim f
'"(⇒

e- → c ¥⇒



① More General Contours :
T :

Cauchy's Theorem: C = OR a simple closed contour with interior dam in R T : Weierstrass Safety Net: Fn c- IN Fn continuous on Sc €

and f- holomorphic in R
, f- continuous on RUC and Fnlz ) converges uniformly on S

⇒¥ fczsdz = 0 - ⇒ . Fez ) = LIL Fnlz) exists
.

. Is continuous an S .

Integral
theorem⇒ f-

"'

(⇒ =;§ fltldt
(t - zit

'

,
where f

'"

=f,f
" '
-

- f
'

etc .

' "m / Fntt> dz =£Fl⇒dz for C a contour of finite lengthn→ • C

T : Deformation:C ,
& Cz contours in domain I

,
where f is holomorphic

•

Fn converge uniformly on all compact subsets of domain 52 &

' G & C- skirt & end at the same tint EN Fn is holomorphic ⇒ • F is holomorphic on r

, ,, am ↳ anyway
, agony , g. www.wggngnm.nggnwpg, , p.my,

. ,÷ emerge
, anyone, *. ,=

,

an}
off

⇒ f.flzidz =/ f- (⇒dz all compact subsets of I.Cz

A bounded domain r is simply connected if comp (r) is connected . Series . ?€ Ett) converges uniformly an
S if

⑥ T: Laurent's in an Annulus : f- holomorphic in OER
,
< Iz - Zo l < Rz { n¥Fnl⇒}man converges uniformly on

S .

⇒ f-(z ) = ganl-2-2-05 , an__¥§¥¥¥→
,
some R.gs < Rz .

It - 2-☐$ =p

T : R , = !f%Pj(a. e)
±

T : É = To If tael
¥ T: Fn continuous on SYNHN Ftt) continuous an S

.

T:C a simple closed contour
,
interior domains

, f- holomorphic in ~ and Fcz) = ¥-1T (z ) converges
⇒ { Fttldz = ⇐ [Fn (7)dz

except at finitely many isolated singularities {zk3.m.cn] , f is continuous uniformly on 5 . for C a canker of finite length
on IVC except at { as} .

T: FTE converges⇒
HE> ok -7N> 0 , independent of 2-✗ the > k>N)

⇒ §fl⇒dz = zitiÉ Res ( / ¥y Futz, / < E )
can"'T

*= ,
2-=Zk{ f-(⇒} uniformly on s criteria

.

T : Fte ) = ¥,FnlZ) converges
- FCZ ) holomorphic in -52

uniformly on all compact subsets
⇒ - Fiz )=¥,Fn

'

( z )

②Meromorphic Functions : of domain r & Fn holomorphic Ki-IN
- Élzl converges uniformly on all

compact subsets of r .

A function is meromorphic in a domain as if its only singularities in r
f- meromorphic
→ "&¥ T : Weierstrass µ-Test :/V-zc-SCIE.cz) / E Mn

,
Mn independentare pens

. If f & gave meromorphic in r then É , f- g. ftg , fog are .

T :-/ meromorphic on domain I ⇒
#-) is meromorphic on r with

f- (z ) simple poles at zeroes & poles off . of 2- and IT Mn
converges ) =) F- Fnlz

)
converges uniformly
on S .

¥ is the logarithmic derivative of f.

Applied to Taylor series .
simplified

For f- holomorphic & honeero on canter
'

C and meromorphic on the interior T : ¥oCnlZ -2-05 converges at z=z ,

⇒
converges absolutely in D. ( zoo

,
lzo - Z , / )

of C then we define 2-(fiC) = IF
[ order of woe ]

T :¥oCnlZ -2-05 diverges at z=z .⇒ diverges tzecompfpczo ,
lzo - Zel )) .f- inside C

Plf:C) = I [ order of pie]¥¥¥c Note that for both we dont know what happens
- On the circles

& out / inside respectively .

T: f- holomorphic & nonzero on simple closed contour C & meromorphic
fizidt = 2-(f ; C) - Pff :C)in its interior domain

⇒ ¥-2K g- (z)

g§¥¥_ÉÉ Tf & g holomorphic on simple closed contour C. meromorphic an interior
④ Inverses on ① :

domain .
0<-1 get) /

< 11-141 on C. T : F holomorphic at Zo
⇒

- FM such that tz-c-DCT-czos.nl )
⇒Fifty:C) - P(f+g;C) = Jeff :C) - Pff ; C) F'( Zo ) -40 Fl⇒=x has exactly one solution

ie . The inverse function F-
'

(a) =Z

exists -

⑦ sequences of Functions : - Further F
"

is holomorphic , E-Fini = ¥⇒
Pointwise limit : Fez)=¥y☐Fn (z) ⇒ 4- 2-✗HILE (7) = Ft ))

.

For {Fn }near defined an S
,

HE> 0717N> 0 independent efz) logarithm -

⇐
Fn→ F uniformly on S ( tn > N )(V- zes)(I Fnlz) - Fizs / < e) For 2- C- ① |{ 03 the principal value of complex log is

{ Fn} is uniformly Cauchy⇐ He> ok -3N > o
>

2- independent)( V-m.us/VXV-zc-SX1Fm1z)-Fn1z)ke) log(7) = log/
2- I + iavg (Z ) , argcz ) C- C- te, IT] .

T :{Fnlz )}near converge uniformly on 5 ⇒ { t-nlz-Bnc.IN is a

uniform Cauchy sequence .



⑤ Analytic continuation I :T : LIZ ) holomorphic in domain R
,

not containing 0 .

Further (Ft c- d)( Liz) = z" ) AND ⑦z.tk/(ettd--Zo) T : Fabry's :{ Am} strictly increasing sequence ,
1m€ /No

,

•

⇒ HEER)( exp ( LIZ)] = 2- ) and F- (7) = ⇐ amZ
"

has radius of convergence 1 .

A function satisfying the conditions above :S a valid logarithm
⇒ FIZ) cannot be analytically continued beyond 12-1=1 -

in the neighbourhood of Zo .

choose Rst .

T :D
,

& Rz domains
, z-o-cr.nrz-tofthi.is

the Riemann Zeta .

Case -

Li & Lz valid logarithms in Dlzo >R ) CÑÑTZ Any series of farm ¥, ,

SEE
,
an S independent is

⇒ For
every connected open subset of D. n~z a Dirichlet series .

Fm c-I such that L
, G) = Lzlz ) + ztzm T :AÉ⇐÷ converges ⇒

• Converges uniformly f- f. C- (o , )

for s
-

- So / argls - so) / I E- 8

A singularity to off such that f- is discontinuous
• Als) is well defined in Recs)> Kelso) & is

Different
as

you
traverse the circle around limits holomorphic there . A' 1st = ⇐ a"¥¥

both
^it is a branch point . A cut in ten

< "• from

sides .

plane drawn to avoid the point is a branch cut the Riemann Zeta Function is defined as

Tls ) = ¥ = ¥ie×pC - sloglnl]

Powers - far SEE where this converges . We need another definition for
Far z.ee € define É=e"Ñ⇒

, for any valid log . The continuation .

The principal value of É is given by using the principle Log .
Denote P< IN the set of all primes , Tls )

= IT
pep

zc = Iz /ceil
(7)

, arglz) C- C-t.TT] .

T : For principle value of zc T: T is holomorphic everywhere except 5--1
,
the

fz /
Re / c)

e-
it time ) )

⇐ / zc , E Iz /Rekletllmlcll residue at 5=1 is 1 .

T : ¥ zc = czc
- l

T : Z
'

has a branch out an
R±o Gamma Function -

T :(NEIN )( a c- (o.nl/(Gnlz-,a)--Ie-ttZ-'dt is entire)

Branch Cuts . The incomplete Gamma is Tlz.at/aT-tE'd-L.a>0
The Mellin transform of Riemann integrable f :( a. a) → ¢ :c T : Tlzia ) is entire for a > o -

Fcs ) =/ F- (a) as - ' doe
,
s c- ¢ is the frequency . The

gamma function is defined as

2-→•

T : 0-12-1=017" ) rational
, poles at { z-isnecyc.CI { o } Tlz ) =/ F-ttt

- '

dt =%étEt
- '

d- + Tlz , 1)

⇒ ( o < Polski we have QISF-s.LT#s,-&Ttzh=zsb.EQl-Z)zs-B For 2- c- IC where the integral exists . By analytic continuation

elsewhere .

2- → •

T : G- 1=012--21 rational with poles { zk}ke[yCQ1{ o} T : Ttt ) is meromorphic in ¢ . T has only simple poles
⇒ [ Qcasdn = É As { Ql- 7) logczs}k= ,

*=zk at 2=0 ,
-1

,
-2

,
. . . with Res {Tlz)} = tn

L
2- = -n

⇒ % (a) (oglu)dn=É¥¥E£n{ QC - Z ) log 42-3} T : 1712-11<-71 Reset 3)
,
Rett) > 0

T : 712-+11=2-712-7
,
2- C- ¢

2-→a

T : ① (71--012--2) rational { Zk}buy C¢\[a. b) T :
n c- No → Tlnti ) = n ! T : TIE )=FT

⇒ fabQ(a) du = ¥2.AE?zaEQlz1loglEI ) } T :Tl⇒Tk - 2- 5- ¥µ⇒
,

2- c-Elk

T
'

- Ttt ) -1-0 V-z-CQ.lt - No) T : ¥, :S entire
2-→a

T : ① (71--012--3) rational { Zk}buy CQ\[a. b) T : Tlzz) = 1^(71712-+13)
⇒ [Qlavcb-uxse-at.lu = -1T¥

,
E¥n{QK-hkz-bkz.AT}

The Beta function is Blair)=%t" 'll -ti
- '

dt
,
Relu) ,Relv) >0 .

T : Blair)= BW.us T : Blair )=[FIÉ¥→ ,
Red),Rlv) > 0

T :
Blair > = Most general p definition too .



is
- - - - - - -- - -

- a- - -
- - -

-

Relating T & T T: a< BER
, f holomorphic inside 5- { ZIT-mlz-k-la.BR

,
continuous

R > 0 we define ten loop contour integral as an 5=5025 , Fsa FEE.by/fktiJDI-- 0 {translation
/
(Ot )

- R fl⇒ dt as a contour integral over a simply closed
⇒ (V-z.int 5)( [ flntz , )dn =/[flat2- e) da)

center encircling the origin & cutting the negative real ax:S Till < Vetter]
, f holomorphic in 5- Ere

"
c- ftp.o.XC-f4?.IB

,

at - R MI . ants on 5- suss ,

& III. mxafy.az/rflreiX)1-- 0 { Rotation
The Hankel loop contour integral is f

""
→ (V-X.it/rc-fl.I)).fFCrei~')dr--fffcreix4dr)-aflz-)dz...... - - - - - -EE - -

.

,
i ✗ ✗

§
i

T : For Q holomorphic on Rt
, if Q is singular at o it is T

: ① (a) =
Polynomial degree m

polynomial degree n ,
M Eh - I

✗

"

i.÷
. .

!I:-.
a pole , Fp such that there are no other sigularittec of {HE'}k=i , . . ,L± poles on the upper / lower half plane

k= , z=z#
{É⇐QlzB,t> 0 .

Q within p of the positive real axis respectively
⇒ /

•

eitno.my, = { Ziti
Res

⇒ 10+1
→
zs

- '

Qtzidz =

" Its" Qltldt .

- a

- ziti RÉ£ñ{é¥Q(zB,tEo

T : 71st = ¥ , f.
•

t
"

Edt ,
Recs ) > 1

. The Cauchy principal value integral of f. for a. b. CER -

N

T : Tis)=T¥f%"F dz.se/ IN • f-
• flnsdu = kiss /

R

-

rflnldu
• fabflxlda -_¥o+([4- cauda + /

•

cteftalda )
T : Reimann Relation : Stl

,
Tls) -- It

"

sin Hates)Ta -stfu - s ) Importantly the limits are taken Sim:/famously .

T : Jordans lemma : 5 = { Reit ltc-fo.TT]} ,R >Oik> 0

④ Harmonic Analysis :

f continuous as
⇒ Ifseikttfczda / 2- ¥11- e-

"

71%11-4-11 .

Fourier .

The nth farrier coefficient for ~ T : Kronig- Kramer : f- holomorphic in closed
upper half-plane

f. =
'

fine
"i¥

um

f- absolutely integrable & outs
,

dt
a-→• f-(⇒ = 0 , f- = utiv ,

u&v veal functors
Im (2)20

L - o is ⇒Hyer)(my)=¥fÉd- &oigl=-¥fIYI÷)
→
a- y

T :L> 0
, f- continuous & absolutely integrable on 10,4 A relation similar to the

Cauchy
- Riemann relations .

with FE.lf~ntsx-LV-tc-lo.LI/lflt)--EnEnfneY--
¥ ) .

~

T : f. + In = I /jfltkos[2T¥ ] d- and .

T : sokhotski - Plemelj
: f- continuous absolutely integrable on C- xoxo)

~

⇒ Hyt1RKe¥f+ /
• fusion

- ilfn-f.nl = Efifltlsmfzti Idt . a.my#e--ffkI+-teiflys )→
a-

y

n → a

T "

f- rational with pies { Zn3ne[y 4Th 41-1+1=06--9 Harmonic Functions .

⇒ ÷→fll ) = - te É EE, { f- lz ) ¥*z, } .

g- i
T : For a holomorphic flz-5-blmylti4la.ly ) ,

& if
1- if rational poles at Ezn}*q, ¢2 , fcÉÉQz" ) real raked ⇒ & 4 have pure & mixed partial
⇒ ¥⇒C -Defies =

- t.JERE-%Ef.EE?-z } derivatives with respect to a &y of all orders .
Moreover the order of derivatives can be interchanged .

For a function f Riemann integrate on

every finite

[a. b) 4.A.B) CR ,
AIBERUE ± -3

,

c- ( Ats) A real valued solution gcniy ) to the Laplace equations
⇒ Itsafitidt =

a"Ia fifltdt + ¥-7B (fltidt Agency )
= YJ-z.cn.pt?j9y-zlniyI-- 0 is a harmonic fwnc .

is the improper
Riemann integral .

The Fourier transform of f- :R→ 1C is T
'

- The real & imaginary parts 10,4 of a holomorphic f- = 4 + it
~

f- 1k) =/
•

→
flxleih" da

,
ke ¢ complex frequency both satisfy the Laplace equations .

The inverse Fairies Transform :c fin )=¥%fTk) e-"" dk .
ie . Izz 01+3%01=0 & Izzy +¥24 = 0 .

f- must be continuous & Riemann integrable obviously -
Solutions of the Laplace equations that are connected
by the Cauchy- Reimann relations are called conjugate
harmonic functions .



T :
a harmonic function on Ff holomorphic and T : consider a bijective confirmed map p from domain 52

a simply connected domain I
⇒

Cny )
= Reffing)] .

to w - plane . ie . w=pcz )
⇐ ← =p

- '

Cw ] .

Note that f- Will not be unique . Also consider simply connected domain Z in complex 2- plane .

Any holomorphic function consists of a setof conjugate ⇒ µ :r→e is a solution to
⇒ op is a solution]harmonic functions , this tells us that on a

0=0 in r to loop) in =L
[ Laplace equation .

simply connected domain this relation is innertable .

Denote 3¥ + 3¥ = 01 . Tif entire
⇒ f- ( IC ) is dense in E .

T : 4- Mire E)( ( µd try)=µ0tv4 ) T : No conformal maps
exist from ① to

Laplace equations are linear . • bounded domain • Exterior of bounded domain

so linear oanbinatims of solutions are solutions .

• half plane .

Two sets
,
r a domain , ¢ a set such that

We usually solve Laplace equations on a domain with there exists a nijeutive conformal map f- in→ 0 are

some boundary conditions ' C a differentiable contour called informally equivalent .

9 go :c
→R a differentiable function along C

' then A bijective conformal map firm is

a Dirichlet boundary audition for a DE in 01 is a conformal automorphism .

(n , y)
-

- gocaig ) Itchy ) c- C .

A Neumann boundary condition for a DE in 01 is Ti Any two simply connected domains
, such that

ñcmy ) • oflmyl = goin,y) tiny / C- C where neither are the entire Q
,

are confirmedly aguivilaut .
is is the unit normal vector of Cat ln.gl , • is

I =L 110 )
the inner prudent & 010=3%9 + ¥yj • j.com Conformal Automorphisms of CT .

1- : the only conformal automorphisms of 1C are

T:D a domain
,
C- 25L differentiable contour

;
threat

maps
: f- 12-1 __ aztb cab c- f.

,
a-1-0 .

go
:C-' R differentiable function on C. f- =p +24 with

both 01 & 4 holomorphic onn . in unit normal
,

I TC = EVEN } . There are arithmetic rules .
- .

unit tangent of C at Cny) ; with attn it 1=1 Feed 2- too = • + 2- =p
,
E- = 0

THEN my)tC

Cfcn ,y ) = g. Guy)
⇒ ( " """ ' 41mg ) = E.☒goin,y,)

& (71%1%1 c- C)( 0(no.yokg.no , yo,) .] £€É\{0 } 2- to = Nz = go

010
, Too ,

ON
,

✗ to are NOT well defined .

For a holomorphic f- ( z ) ,

E- xtiy , f--0/1--24 T : linear maps are conformal automorphisms of TC .

we call the potential , lines of constant ¢ Ti 2- →¥ is a conformal automorphism f- Tc
are equipotential s . Y is the stream function ,

lines

of constant 4 one called streamlines . & f- is called T : Mobius transforms are the only confirmed maps of Tc
the complex potential . A mobius transform is a meromorphic function

T( (Iab) ,z ) =
attb

T: Equipotentials & streamlines always intersect at-1 .

→ +a ,
ad- be-1-0 .

Conformal Maps ' T : fc⇒=É
'

bijectivay maps

A holomorphic function f- on domain oh
,
such that • 8D (Zor)

← JDC,z?TÉ , µ÷ry )
,

12-01=1 r > 0

(teen)( f-
'

( t ) -40 ) is a conformal map .

•

2D (2-0,1%1) ← { ZEE / Relzit)=¥ }
,
Zo c- Eko}

These are useful maps
because under a

• { zefIRe(ei%z)=0 }→ {ZEE / Reléiooz)=0}
,
O
, ER .

confirmed map the straight line joining 2- to ztsz :S T: A Mobius transformation is a composition of rotations
,

- translated by fat ) - z
- dilated by lfiz)l dilutions

,
translations & inversions .

- rotated by arglfilzs) & angles between tangents
to curves are preserved ' Also gives local invariability off .



T :

A. ibi.ci , d , , az.bz , cz.dz C- ①
,

ad - be =/ 0

THE :& ]
,
Tffazbzc. ditz ))=T( E. 1.11%1.1 ,z)

T: Any mobius transformation maps
circles & straight lines onto

circles & straight lines '

ti set of all Mobius transformations is a

group
with

composition as the action -

5112,1C) is the group of complex 2×2
matrices

with determinant 1
.

IH
+

= { 2- c-① 11m41 > o }

T : Real parameter Mobius transforms with ad - be > 0

are conformal automorphisms of af I'H+U{ N} .

A mobius transform such that a.be/dEZ,ad-bc--1

is a modular transformation . The group of these

transformations is called the modular
group

.

Fundamental set ?

T: f holomorphic on simple closed contour CCR

52
a domain .

→ lfzo C- interior of @ = {ZEE / zee}

t-w-zofqfw-z.ci?-#fflz-1dz-=fgffw-'-z./twCw-ZoP
T : Qttl rational {Zk}ne[is

,

R> 0 large enough so

that all perks lie in
open

disc Dco > 12 )

⇒ nÉt¥→{QHB=Rw=:{ ¥QlÉ ) }

The residue at infinity is defined by
Res { Qlw? } = - Res {⇐ QI )}
W=xo w=0

b

T: / Qla)dn = É Resk=oz=zn{Qlz)lg(E)}
a

- Be:{ Q" cgfE )}
b

T :/aQINJCb-nkn-T.tn
= - it

Res { Qtt)J⇐-bKz-aT}
k= ,

Z=¥k

-

RE { ✓ci-swxi-a# }


